Background: The α-cluster model was successful for describing spectroscopic properties of light nuclei near the shell closures. Evidences of the α-cluster structure in 94 Mo were shown, motivating the search for the same structure in other intermediate mass nuclei.
I. INTRODUCTION
The α-cluster structure is an important aspect in the analysis of nuclear spectral data. The cluster interpretation represents a suitable way to describe nuclear states which could be investigated by more complex microscopic treatments. The α-cluster model has been successful in reproducing several levels of the energy spectra, electromagnetic properties, α-emission widths and α-particle elastic scattering data in nuclei near the double shell closures. The α-cluster interpretation has often been used in studies on different mass regions. In heavy and superheavy mass regions, recent studies use this concept for analysis of the α-decay phenomenon [1] [2] [3] [4] . In light mass region, the α-cluster interpretation is combined with various approaches for describing properties of nα or nα + {other particles} nuclei; recent examples are the concept of nonlocalized clustering [5] , the Hartree-FockBogoliubov approach [6] and the quantum molecular dynamics (or its antisymmetrized version) [7, 8] .
The earlier works of Buck, Dover and Vary [9] on 16 O and 20 Ne, and Michel, Reidemeister and Ohkubo [10] on 44 Ti, demonstrated the success of the α-cluster interpretation with the Local Potential Model (LPM) to describe the first experimental energy bands of the three * marsouza@if.usp.br † miyake@if.usp.br nuclei. The model was also used to determine the B(E2) transition rates between the members of the calculated bands, obtaining good agreement with the experimental data without the use of effective charges. The calculated α-decay widths for 16 O and 20 Ne [9] provide a good reproduction of the orders of magnitude of the respective experimental widths. The subsequent work of Buck, Merchant and Perez [11] , which takes a modified Woods-Saxon potential (W.S.+W.S.
3 ) for the α + core interaction, confirmed the favorable results for the nuclei 20 Ne and 44 Ti.
The study of the α-cluster structure above double shell closures continued in the heavier nuclei 94 Mo and 212 Po. Concerning 94 Mo, Ref. [11] describes the α+ 90 Zr system through the nuclear W.S.+W.S.
3 potential, where a set of fixed parameters is employed for nuclei of different mass regions. The results yield a good description of the ground state band of 94 Mo and the correct order of magnitude of the experimental B(E2) rates without the use of effective charges [11] . The work of Ohkubo [12] analyses the same structure in 94 Mo through a double folding potential; in this case, a good description of the α+ 90 Zr elastic scattering data is obtained, the 94 Mo ground state band is reproduced with a weak dependence on the quantum number L and the absolute values of the B(E2) transition rates are well described with a small effective charge (δe = 0.2e). Following works of Michel et al. [13] and Souza and Miyake [14] reinforce the indications on the α-cluster structure in the 94 Mo states. Con-cerning 212 Po, the results obtained in Refs. [11, 12, 15, 16] for the ground state band and the α+ 208 Pb elastic scattering cross sections show a similar level of agreement with the respective experimental data. Additionally, the model provides a satisfactory description of the orders of magnitude of the experimental half-lives T 1/2 for 212 Po. The work of Mohr [17] shows a study of the α + core structure in intermediate mass nuclei by means of a double folding nuclear potential. Using the LPM, the calculations give favorable results for the B(E2) rates of the ground state bands. However, an analysis of the intensity parameter λ of the nuclear potential shows a weak L dependence and a significant dependence on the proton number of the nucleus, mainly around the Z = 40 subshell closure and the Z = 50 shell closure.
In this context, the purpose of the present work is a detailed analysis of the α-cluster structure in 94 Mo and the even-even neighbouring nuclei 90 Sr, 92 Zr, 96 Ru and 98 Pd. The α+ core systems are calculated from the viewpoint of the LPM. Several properties of the ground state bands are discussed and indications of α + core negative parity bands are sought. Possible structure patterns in these nuclei are investigated.
II. SELECTION OF PREFERENTIAL NUCLEI FOR α-CLUSTERING
A preliminary question is the choice of a criterion to determine the most favourable nuclei for α-clustering in a specified mass region. An usual procedure is the selection of nuclei with the configuration of α-cluster plus doubly (or even singly) closed shell core. However, such procedure does not allow for a systematic analysis of any set of nuclei. In this work, we use a criterion based only on experimental data of binding energy [18] . An appropriate quantity for comparing different nuclei of a set is the variation of average binding energy per nucleon of the system due to the α + core decomposition. This value is given by
where Q α is the Q-value for α-separation, A T is the mass number of the total nucleus and B α , B core and B T are the experimental binding energies of the α-cluster, the core and the total nucleus, respectively. Thus, an absolute (or local) maximum of Q α /A T indicates the preferred nucleus for α-clustering in comparison with the rest of (or neighbouring) nuclei in the set.
Restricted atomic number and mass number regions are defined around 94 Mo for the α-cluster analysis. The Q α /A T value is used for comparison of even-even isotopes between Z = 38 and Z = 46, and even-even isobars between A = 90 and A = 98. FIG. 1 It is important to note that the five mentioned nuclei have the same number of neutrons (N = 52), that is, their cores have the same magic number N = 50. Therefore, the Q α /A T analysis provides a strong indication that the number N core = 50 characterizes the most favourable nuclei for α-clustering in the Mo mass region.
A comparison of the Q α /A T values for the set of eveneven N = 52 isotones is presented in FIG. 2 . It is noted that the Q α /A T variation rate increases moderately between Z T = 38 and Z T = 40 in comparison with other neighbouring nuclei. Therefore, the effect of the subshell closure at Z core = 38 is more pronounced than at Z core = 40 for the increase of Q α /A T . The fact that there are no abrupt Q α /A T variations around 94 Mo suggests that this nucleus and its neighbouring isotones should present similar α + core structures. Indeed, this indication is verified by different properties discussed in Section IV.
III. THE α-CLUSTER MODEL
The properties of the nucleus are viewed in terms of a preformed α-particle orbiting an inert core. Internal excitations of the α-cluster and the core are not considered in the calculations. The α + core interaction is described through a local phenomenological potential V (r) = V C (r) + V N (r) containing the Coulomb and nuclear terms. For the nuclear potential, we adopt the form
proposed by Buck, Merchant and Perez [11] . The Coulomb potential V C (r) is taken to be that of an uniform spherical charge distribution of radius R C = R. The inclusion of the centrifugal term results in the effective potential
where µ is the reduced mass of the α + core system. The general description of the ground state bands is made with the fixed parameters V 0 = 220 MeV, a = 0.65 fm and b = 0.3, while R is fitted separately for each Po, as well as the experimental α-decay half-lives for several even-even heavy nuclei. Using a procedure similar to that employed in Ref. [11] , the radial parameter R is fitted in the present work to reproduce the experimental 4 + member of the ground state band of each nucleus. The obtained values for R are shown in TABLE I.
The Pauli principle requirements for the α valence nucleons are introduced through the quantum number
where N is the number of internal nodes in the radial wave function and L is the orbital angular momentum. The global quantum number G identifies the bands of states. In this way, the restriction G ≥ G g. 
which is shown graphically in FIG. 3(b) . The correlation coefficient for the points (R, A Po} is r ≈ 0.993. These results confirm the linear trend of the parameter R in relation to the total nuclear radius and the sum of the α-cluster and core radii. (6) 4 (see the label Calc. V 0 = 220 MeV). The theoretical bands of the five nuclei give a good overall description of the experimental spectra, if we consider that only the parameter R is varied for each nucleus (see TABLE I ) and the fixed parameters V 0 , a and b have been adjusted [11] to reproduce spectroscopic properties of nuclei of different mass regions. There are experimental levels of 92 Zr, 94 Mo and 98 Pd with uncertain assignments and the definitive identification of such states is desirable. The experimental levels E x = 2.9277 MeV and E x = 3.9543 MeV of 90 Sr do not present identified spins and parities, however, we suggest an association with the theoretical states 6 + and 8 + , respectively, since these levels and the experimental 4 + state (E x = 1.65591 MeV) are connected by intense γ-transitions [20] .
The α + core potential produces a quasirotational behaviour for the first states of the calculated ground state bands, resulting in a rougher description of the spacing between the 0 + bandhead and the 2 + state for the five nuclei. It must to be mentioned that this feature is observed in nuclei of different mass regions with the same α + core potential form [11] and other α + core potential forms [9, 10, 13] . The variation of spacing between the calculated intermediate states is small, while the highest spin states show a compression. Such behaviour is typical for the nuclear W.S.+W.S.
3 potential applied at the intermediate and heavy mass regions, where the calculated bands present high spin members. The difficulty to reproduce simultaneously the spacing between the 0 + and 2 + states and higher spin states above 2 + shows the convenience of choosing the experimental 4
+ state for the fit of the radial parameter R.
The W.S.+W.S. 3 potential with fixed parameters yields better results than other potential forms used for intermediate mass nuclei. E.g., it is known that the simple Woods-Saxon potential generates an inverted spectrum where the G + state has the lowest energy and 0 + state has the highest energy [17] . The folding potential produces a band with rotational feature, but excessively compressed, and the inclusion of an L-dependent strength parameter is required [17, 25] . The α + core potential of shape (1+Gaussian)×W.S. 3 potential with fixed parameters is shown to be favorable mainly to describe the intermediate levels above the 2 + state, since the rotational behavior of its calculated band attenuates significantly above this level.
Analysing the calculated positive parity states above the α + core threshold, it is verified that the extension of the effective potential barrier (see eq. (3)) varies within the range 204 fm < ∆r < 476 fm for the resonant states nearest to the threshold, and within the range 31 fm < ∆r < 114 fm for the highest spin states ( Exp. Calc. 3 potential and L-dependent depth parameter (details in the text). Calc. (c) [12, 25] is obtained with a double folding potential using a DDM3Y nucleon-nucleon interaction and a Ldependent normalization factor. Calc. (d) [13] is obtained with a phenomenological potential of shape (1 + Gaussian) × W.S.
2 . The potentials of (c) and (d) were also used to reproduce α+ 90 Zr elastic scattering data.
relation to the resonant energies varies within the range 13 MeV < ∆E < 25 MeV for the resonant states nearest to the threshold, and within the range 27 MeV < ∆E < 31 MeV for the highest spin states. These features demonstrate that the positive parity states above the threshold are strongly bound and their resonant behaviour is negligible. Pd as a function of the angular momentum L. The solid line shows the functionṼ0(L) (see eq. (7)) chosen for a general description of the graphs V0×L. The dotted line indicates the constant value V0 = 220 MeV used for a first description of the spectra. Note that the scale for V0 shows only very minor variations of approx. ± 1.5 % from V0 = 220 MeV. The dots accompanied by the symbol (?) are related to the experimental 90 Sr levels with unidentified spins and parities, and an association with the corresponding L numbers is suggested (details in the text and FIG. 4) .
bound state approximation has been used to determine the radial wave functions of the resonant states. For the calculation of the functions, the depth V 0 is adjusted for each state in order to reproduce the experimental excitation energies of the five nuclei. Observing the values of V 0 in TABLE III, we note a very small relative variation in comparison with the fixed value (220 MeV) used for the first calculation of the ground state bands. This fact confirms that the fixed depth V 0 = 220 MeV is appropriate for an overall description of the spectra and shows that V 0 is weakly dependent on L.
The 94 Mo and the experimental spectrum. As mentioned before, the α + core potential of shape (1 + Gaussian) × W.S.
2 produces a rotational type spectrum which provides only a rough description of the experimental energies. The double folding potential used in Refs. [12, 25] yields a good description of the experimental spectrum between 0 + and 6 + by introducing an L-dependent normalization factor. It should be taken into account that the two potential forms mentioned above have been used successfully to reproduce the α+ 90 Zr elastic scattering data. The W.S.+W.S. The root-mean-square (rms) intercluster separation is given by
where u G,J (r) is the normalized radial wave function of a |G, J state. The value of R 2 1/2 is seen to decrease when one goes from the 0 + state to the highest spin state of each band (see TABLE III), except to 90 Sr, where there are insufficient known states for a complete analysis. This antistretching effect is found in nuclei of other mass regions where the α-cluster structure is studied, considering different local potential forms [9, 10, 12] . The same effect is verified by Ohkubo [12] for 94 Mo through a double folding potential.
The calculated rms intercluster separations have been used to estimate the rms charge radius of the total nucleus by the equation
where r core are the rms charge radii of the total system, the α-cluster and the core, respectively. Taking the experimental values [29] core are experimental values, we verify a significant overlap between the α-cluster and the core for the ground states of the five nuclei. Because of the antistretching effect, the overlap degree of the α + core system increases for higher spin states, so that the α-cluster character of the system is stronger for the first states of the g.s. bands.
A comparison of the same ratios indicates that the set of nuclei with G g.s. = 16 ( 94 Mo, 96 Ru and 98 Pd) has a more pronounced α-clustering than the set with G g.s. = 14 ( 90 Sr and 92 Zr). Concerning the 0 + ground states of the five nuclei, the ratios R for the G g.s. = 16 nuclei are approximately 6−8 % higher than the ratios for the G g.s. = 14 nuclei. In this case, there is a clear effect of the quantum number G g.s. , since the lower value of G g.s. results in a reduced value for the radial parameter R and, consequently, less extensive radial wave functions. The radial wave functions are also used for the calculation of the reduced α-width [30, 31] 
where µ is the reduced mass of the system, u(r) is the radial wave function of the state and a c is the channel radius. In general, a c lies near the radius of the Coulomb barrier top. It is known that the γ values for the set with G g.s. = 14. Therefore, in addition to the results obtained for the rms radii, it is indicated that the set with G g.s. = 16 has a higher α-cluster degree in comparison with the G g.s. = 14 set.
Comparing the J π states of the five nuclei in TABLE III, it is noted that 94 Mo has the highest θ 2 α values. This result corroborates the consideration of 94 Mo as the preferential nucleus for α-clustering in its mass region.
The model also allows the calculation of the B(E2) transition rates between the states of an α-cluster band. In the case where the cluster and the core have zero spins, this quantity is given by
where
β 2 is the recoil factor, given by
u G,J (r) and u G,J−2 (r) are the radial wave functions of the initial |G, J state and final |G, J − 2 state, respectively.
The calculated B(E2) transition rates for the ground state bands are presented in TABLE V. A comparison of the calculated values for the five nuclei and the experimental data shows that the model can reproduce, with few exceptions, the correct order of magnitude of the experimental B(E2) values without the use of effective charges. These results may be considered satisfactory since, in shell-model calculations for medium-heavy nuclei [33, 34] , large effective charges are necessary to reproduce the order of magnitude of the experimental data.
Observing Zr. In general, it can be stated roughly that the two works produce similar results in comparison with the experimental B(E2) rates.
C. Negative parity bands
The comparison of theoretical negative parity bands with the experimental spectra is more difficult because of the scarce experimental negative parity levels with definite assignments. Previous works [12, 14, 17] discuss the existence of an α+core negative parity band for 94 Mo and indicate that the 1 − bandhead should lie at E x = 6 − 7 MeV; however, such predictions are not compared with experimental energies of 94 Mo. Therefore, at this stage, any calculation concerning the negative parity bands of the studied nuclei should be interpreted as a theoretical prediction that lacks complementary experimental information.
In this work, we have selected the lowest negative parity levels connected by E2 transitions (or possible E2 transitions) for a comparison with the calculated negative parity bands, which are shown in FIG. 9 [20] presents insufficient data concerning negative parity levels and a comparison with the theoretical negative parity band is unfeasible. The values for the parameters a, b and R are the same used for the calculation of the g.s. bands, while a depth V 0 = 238 MeV is applied to the negative parity bands of the four nuclei. The calculated bands provide a good description of the spacings between most of the experimental energy levels. In the case of the experimental 15 (−) and 17 (−) states of 96 Ru, the energy spacing is roughly described because of the compression of the theoretical band at the higher spin states. The individual analysis of the four negative parity bands shows that V 0 = 237 MeV and V 0 = 239 MeV are more appropriate depths to describe the experimental spectra of 98 Pd and 92 Zr, respectively. Analysing the calculated negative parity states above the α + core threshold, it is verified that the extension of the effective potential barrier varies within the range 107 fm < ∆r < 635 fm for the resonant states nearest to the threshold, and within the range 25 fm < ∆r < 29 fm for the highest spin states (15 − for 92 Zr and 17 − for 94 Mo, 96 Ru and 98 Pd). The height of the effective potential barrier in relation to the resonant energies varies within the range 13 MeV < ∆E < 17 MeV for the resonant states nearest to the threshold, and within the range 28 MeV < ∆E < 32 MeV for the highest spin states. Therefore, the negative parity bands repeat the feature of the ground state bands in which the states above the threshold are practically bound.
Regarding the experimental energy levels, the three negative parity states of 92 Zr are populated in the 88 Sr( 7 Li,2npγ) 92 Zr reaction [21, 26] , therefore, being favorable candidates for an association with the calculated α-cluster states. There is no information from α-transfer reactions for the selected negative parity states of 94 Mo, 96 Ru and 98 Pd [22] [23] [24] . The depth V 0 = 238 MeV is ≈ 8.2 % higher than the depth V 0 = 220 MeV used to describe the g.s. bands, indicating a moderate parity dependence for the α + core potential. The variation of the depth parameter for different bands is also observed in other α + core systems [9, 35, 36] . E.g., a calculation of the α-cluster structure in light nuclei [9] using a folding nuclear potential with a depth parameter f shows that the values of f for the negative parity bands of 16 O and 20 Ne (G = 9) are, respectively, ≈ 8.8 % and ≈ 7.1 % higher than the values of the same parameter for the corresponding positive parity bands (G = 8).
Because of the enhanced value of V 0 , the bandheads of the theoretical negative parity bands lie close to E x = 1 MeV, which differs from previous predictions for 94 Mo [12, 14, 17] . According to the criterion adopted to select the experimental levels, there are no experimental 1 − and 3 − states for comparison with the calculated bands ( see FIG. 9 ). An experimental 3 − state at E x = 2.340 MeV is present in the spectrum of 92 Zr, however, such state is not connected with the first 5 − state (E x = 2.486 MeV) by γ-transition. The same condition occurs for the experimental 3
− (E x = 2.534 MeV) and (5) − (E x = 2.611 MeV) states of 94 Mo. It is possible that the theoretical 1 − states are experimentally nonexistent near the predicted energies, since the spectra measured by several reactions for the studied nuclei [21] [22] [23] [24] do not indicate the presence of a 1 − state around E x = 1 MeV. However, the low energy location of the calculated negative parity bands is mainly justified by the presence of the 5 − , (7 − ) and (9 − ) experimental levels of 92 Zr from E x ≈ 2.5 MeV, which are populated in a α-transfer reaction. Additionally, the similar features of the spectra favour a unified description of the negative parity bands of the four nuclei. Further experimental data are essential for a better evaluation of the calculations described in this section.
V. RELATION WITH α+CORE OPTICAL POTENTIALS
The α+core potential may be employed as the real part of an optical potential for the analysis of α elastic scattering. However, is often necessary to readjust one or more parameters of the potential for a satisfactory description of the experimental α-scattering data. The adjustment of the parameters of the imaginary part of the optical potential is also important in this procedure. The works of Buck et al. [16, 37] show that the W.S.+W.S.
3 potential may be used successfully to describe the data of α elastic scattering on nuclei 16 O, 40 Ca and 208 Pb. Therefore, it is interesting to verify if the α + core potentials discussed in this work can be applied in the same way.
Two important quantities used for describing an optical potential are the volume integral per nucleon pair
and the root-mean-square (rms) radius associated with the potencial 
Eqs. (17) and (18) refer specifically to the nuclear real part of the optical potential. TABLE VI shows the J R and r rms,R values calculated for the α + core potentials of this work, with the depths applied to the positive (V 0 = 220 MeV) and negative (V 0 = 238 MeV) parity bands. As usual, the negative sign of J R is omitted.
Ref. [38] analyzes the α elastic scattering on 90 Zr at the energies E α,lab = 31.0, 59.1, 104.0 and 141.7 MeV using a double folding nuclear potential with DDM3Y interaction; for these energies, the values J R ≈ 270 − 335 MeV fm 3 and r rms,R ≈ 5.0 fm have been obtained. The
J R values obtained in the present work for 94 Mo are within the range mentioned previously, and the radius r rms,R obtained in the present work is in excellent agreement with those from Ref. [38] . The works of Ohkubo [12] and Michel, Reidemeister and Ohkubo [13] , which use different forms of α+ 90 Zr nuclear potential to describe the α elastic scattering data and energy levels, find J R values very close to the ones obtained in this work for 94 Mo.
Refs. [39, 40] analyze the α elastic scattering on 92 Mo at the energies E c.m. ≈ 13, 16 and 19 MeV, also using a double folding nuclear potential with DDM3Y interaction and different parametrizations for the imaginary part of the optical potential. The two references show volume integral values in the range J R ≈ 320 − 360 MeV fm 3 and rms radii in the range r rms,R ≈ 4.9 − 5.1 fm. The J R value obtained in this work for 96 Ru with V 0 = 220 MeV is very close to the range mentioned before, while the J R value with V 0 = 238 MeV is within the same range. The calculated value of r rms,R for 96 Ru is also in excellent agreement with those mentioned in Refs. [39, 40] .
Refs. [38, 39] indicate that there is a systematic behavior of J R for α elastic scattering in different mass regions, resulting in values in the range J R ≈ 320 − 370 MeV fm 3 for almost all analyzed energies around the Coulomb barrier. Therefore, the J R values calculated in the present work for 90 Sr and 92 Zr are below the mentioned range. This demonstrates that the choice of the quantum number G can strongly change the J R value for a certain α + core potential. However, one can not state in advance that the α+ 86 Kr and α+ 88 Sr potentials are unsuitable for description of α elastic scattering at low energies, since the reproduction of the angular distributions also depends on the fit of the parameters of the imaginary part of the optical potential. E.g., the work of Buck et al. [16] states that it is possible to describe the data from α elastic scattering on 208 Pb at low energies with different fits of optical potential parameters, and such fits are related to different quantum numbers G g.s. . As 94 Ru is an unstable nucleus, the values of J R and r rms,R for the α+ 94 Ru system are not compared with other references. The use of the α + core potentials of this work for analysis of α elastic scattering data is a project to be performed in a next stage.
VI. CONCLUSIONS
The α-cluster structure in the nuclei 90 Sr, 92 Zr, 94 Mo, 96 Ru and 98 Pd was investigated through a local α + core potential. A good account of the experimental ground state bands of the five nuclei is given with only one variable radial parameter R. Such parameter has approximately a linear relation with the total nuclear radius and with the sum of the α-cluster and core radii. An analysis of the depth parameter V 0 shows a weak dependence on the angular momentum L, described satisfactorily by a polynomial functionṼ 0 (L). The rms inter-cluster separations and reduced α-widths calculated for the ground state bands indicate a decrease of the α-cluster intensity with the increasing spin, and that the nuclei associated with the quantum number G g. Ru is favourable for a better description of the experimental transition rates.
The calculated negative parity bands provide a good account of the spacings between most of the experimental levels, considering that only the depth parameter was changed from the value employed for the ground state bands; this change indicates a moderate parity dependence for the α + core potential. For the moment, the calculations for the negative parity bands should be interpreted as an exploratory attempt to describe the available experimental data, since many theoretical levels could not be compared to experimental levels or were associated with undefined experimental assignments.
The α + core potentials applied in this work were used to calculate the volume integral per nucleon pair and rms radius. The J R values calculated for the α+ 90 Zr and α+ 92 Mo potentials, referring to the positive and negative parity bands, are compatible or very close to those obtained from the respective optical potentials of α elastic scattering at several energies [38] [39] [40] The main conclusion of the present work is that the even-even N = 52 nuclei around 94 Mo present similar α + core structures. In addition, it is pointed that the α-cluster model can be extended successfully for other nuclei of the intermediate mass region. New experimental data, mainly from α-transfer reactions, will be very important for a better evaluation of the calculated α-cluster states. The Local Potential Model should be used in a next work for investigating the α-cluster structure in other nuclei of the same mass region. Another project to be performed is the application of the α + core potentials of this work for analysis of α elastic scattering data.
